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Abstract. A new method for the construction of classical integrable systems, that
we call loop coproduct formulation, is presented. We show that the linear r−matrix
formulation, the Sklyanin algebras and the reflection algebras can be obtained as
particular subcases of this framework. We comment on the possible generalizations
of the r−matrix formalism introduced through this approach.
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1. Introduction
One of the main tools for the construction and study of classical integrable Hamiltonian
systems is the Lax formalism [1]. In a noteworthy paper [2], Babelon and Viallet showed
that any integrable Hamiltonian system with a finite number of degrees of freedom
admits a Lax pair, that is two N ×N matrices L(λ),M(λ), whose entries are functions
on the phase space (λ being the spectral parameter‡) and such that the Hamiltonian
evolution of the matrix L(λ) is of the form
dL(λ)
dt
= [L(λ),M(λ)]. (1)
Equation (1) implies that the spectral invariants of the Lax matrix L(λ) are conserved
quantities under the Hamiltonian evolution. On the other hand Liouville integrability
requires the conserved quantities to be in involution among them. In [2], Babelon
and Viallet proved that the involution property for the spectral invariants of L(λ) is
equivalent to the existence of a linear r−matrix formulation
{L(λ)⊗ 1,1⊗ L(µ)} = [r12(λ, µ), L(λ)⊗ 1]− [r21(µ, λ),1⊗ L(µ)], (2)
‡ Actually, in the original paper [2], the spectral parameter does not appear at all, being completely
unessential. However, since in many cases the natural Lax pair formulation involves a spectral
parameter, we decided to present the results of [2] in this case.
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where L(λ) is an N ×N matrix, r12(λ, µ) is an N
2×N2 matrix, 1 is the N ×N identity
matrix and
r21(λ, µ) = Π r12(λ, µ)Π,
with Π being the permutation operator Π(x⊗ y) = y ⊗ x, ∀x, y ∈ CN . Moreover, they
showed that if the Lax matrix satisfies the equation (2), then the equation of motions
associated with any of the spectral invariants of L(λ) admits a Lax representation of
the form (1).
In this paper we present a generalization (in a sense that we will make more precise
later) of the linear r−matrix formalism that we call loop coproduct formulation. A
preliminary version of this approach has been presented in [3], as a generalization of
both the Gaudin algebras (see [4] and references therein) and the coproduct method
[5], (see [6] for a recent review on the subject). Here we present a more general
formulation encompassing the linear r−matrix formulation [2], the Sklyanin algebras
[7] and also the reflection equation algebra [8]. While all these cases emerge as examples
of the loop coproduct formulation applied to the Lie–Poisson algebra F(gl(N)∗), the
loop coproduct formalism is defined for arbitrary Poisson algebras. We think that
the implementation of this approach to non-linear Poisson algebras could lead to new
examples of integrable systems and represents an interesting open problem in the field
of classical finite-dimensional integrable systems.
2. Loop coproduct formulation
In this section we present our main theorem, which generalize the result presented in [3].
Let us consider a generic Poisson algebra A of dimension M with r Casimir functions
Cj , j = 1, . . . , r and let us denote with {y
α}Mα=1 a set of generators for A with Poisson
brackets:
{yα, yβ}A = F
αβ(~y) ~y = (y1, . . . , yM).
Let B be another Poisson algebra and let us denote with ~Z a set of its generators.
Theorem 1 Let us consider a set of m maps depending on a parameter λ
∆
(k)
λ : A→ B, k = 1, . . . , m (3)
and such that the images of the A generators satisfy the following Poisson brackets in
B:
{∆
(i)
λ (y
α),∆(k)µ (y
β)}B = f
β
γ (i, k, λ, µ,
~Z)F αγ(∆
(i)
λ (~y)) k > i (4)
{∆
(k)
λ (y
α),∆(k)µ (y
β)}B = g
β
γ (k, λ, µ,
~Z)F αγ(∆
(k)
λ (~y)) + h
α
γ (k, λ, µ,
~Z)F γβ(∆(k)µ (~y)) (5)
for certain functions fβγ (i, k, λ, µ, ~Z), g
β
γ (k, λ, µ, ~Z), h
α
γ (k, λ, µ, ~Z).
If the map ∆
(i)
λ is defined on any smooth function of the generators G ∈ A as:
∆
(k)
λ (G)(y
1, . . . , yM)) = G(∆
(k)
λ (y
1), . . . ,∆
(k)
λ (y
M)), (6)
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then:
{∆
(i)
λ (Cj),∆
(k)
µ (y
β)}B = 0 k > i (7)
{∆
(i)
λ (Cj),∆
(k)
µ (Cl)}B = 0. (8)
Proof:
Let us prove first the equation (7). We fix an arbitrary Casimir Cj of A. Since Cj is a
Casimir function, for any β we must have:
{
Cj , y
β
}
A
=
M∑
α=1
∂Cj
∂yα
{
yα, yβ
}
A
=
M∑
α=1
∂Cj
∂yα
F αβ(~y) = 0. (9)
Now we use this equation together with (4) to prove equation (7):
{∆
(i)
λ (Cj),∆
(k)
µ (y
β)}B =
M∑
α=1
∂Cj
(
∆
(i)
λ (~y)
)
∂∆
(i)
λ (y
α)
{
∆
(i)
λ (y
α),∆(k)µ (y
β)
}
B
=
=
M∑
γ=1
fβγ (i, k, λ, µ, ~Z)
M∑
α=1
∂Cj
(
∆
(i)
λ (~y)
)
∂∆
(i)
λ (y
α)
F αγ(∆
(i)
λ (~y)) = 0 k > i.
From equation
{∆
(i)
λ (Cj),∆
(k)
µ (y
α)}B = 0 k > i,
it follows that
{∆
(i)
λ (Cj),∆
(k)
µ (Cl)}B = 0 i 6= k,
so that only the case k = i remains to be proven. In this case:
{∆
(i)
λ (Cj),∆
(i)
µ (Cl)}B =
M∑
α,β=1
∂Cj
(
∆
(i)
λ (~y)
)
∂∆
(i)
λ (y
α)
∂Cl
(
∆
(i)
µ (~y)
)
∂∆
(i)
µ (yβ)
{
∆
(i)
λ (y
α),∆(i)µ (y
β)
}
B
.
By using equation (5) and (9), we have:
{∆
(i)
λ (Cj),∆
(i)
µ (Cl)}B =
=
∑
β,γ
∂Cl
(
∆
(i)
µ (~y)
)
∂∆
(i)
µ (yβ)
gβγ (k, λ, µ,
~Z)


M∑
α=1
∂Cj
(
∆
(i)
λ (~y)
)
∂∆
(i)
λ (y
α)
F αγ(∆
(i)
λ (~y))

+
+
∑
α,γ
∂Cj
(
∆
(i)
λ (~y)
)
∂∆
(i)
λ (y
α)
hαγ (k, λ, µ,
~Z)


M∑
β=1
∂Cl
(
∆
(i)
µ (~y)
)
∂∆
(i)
µ (yβ)
F γβ(∆(i)µ (~y))

 = 0
since the terms in parentheses vanish, which completes the proof.

We will call the maps (3) satisfying equations (4) and (5) “loop coproducts” and we will
say that the integrable systems that can be obtained from equations (7),(8) “admit a
loop coproduct formulation”.
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3. Particular cases
Let us now show that the linear r−matrix formulation (2) is a subcase of the loop
coproduct formulation. In order to prove this result, let us take A as the Lie-Poisson
algebra F(gl(N)∗), with the standard set of generators {eij}, i, j = 1, . . . , N :
{eij, ekl} = δjkeil − δilekj . (10)
The Poisson algebra B will be the one on which the r-matrix formulation (2) is defined.
The map ∆λ : A→ B is defined on the A generators as
∆λ(eij) = Lij(λ) (11)
and is extended to an arbitrary element of A through equation (6). Let us denote with
Eij the canonical gl(N) matrix generators
(
Eij
)
kl
= δikδjl
and let us compute the Poisson bracket (5) in this case:
{∆λ(eij),∆λ(ekl)}B = {Lij(λ), Lkl(µ)} = Tr
(
{L(λ)⊗ 1,1⊗ L(µ)}Eji ⊗Elk
)
=
= Tr
(
{[r12(λ, µ), L(λ)⊗ 1]− [r21(µ, λ),1⊗ L(µ)]}E
ji ⊗Elk
)
=
= Tr
(
[rab,cd(λ, µ)(E
ab ⊗ Ecd), Lef(λ)(E
ef ⊗ 1)]Eji ⊗ Elk
)
−
− Tr
(
[rab,cd(µ, λ)(E
cd ⊗ Eab), Lef (µ)(1⊗E
ef )]Eji ⊗ Elk
)
=
=
∑
a
ria,kl(λ, µ)Laj(λ)− raj,kl(λ, µ)Lia(λ)− rka,ij(µ, λ)Lal(µ) + ral,ij(µ, λ)Lka(µ). (12)
On the other hand, the right hand side of the equation (5), with the choices (10) and
(11), is given by:∑
a,b
gklab(k, λ, µ,
~Z) (δjaLib(λ)− δibLaj(λ)) + h
ij
ab(k, λ, µ,
~Z) (δbkLal(µ)− δalLkb(µ)) (13)
and (13) coincides with the last line of (12) when
gklab(k, λ, µ,
~Z) = −rba,kl(λ, µ) h
ij
ab(k, λ, µ,
~Z) = −rba,ij(µ, λ). (14)
Let us stress that the r−matrix in equation (14) can be of dynamical type, since the
functions gklab and h
ij
ab are arbitrary functions of the B manifold coordinates. We also
point out that the images of the F(gl(N)∗) Casimirs Ci, i = 1, . . . , N under the loop
coproduct (11) coincide with the spectral invariants of the Lax matrix L(λ):
∆λ(Ci) = Tr(L(λ)
i), i = 1, . . . , N.
When the r-matrix is non-dynamical and unitary (r12(λ, µ) = r(λ − µ) = −r21(µ, λ)),
then equation (2) reduces to
{L(λ)⊗ 1,1⊗ L(µ)} = [r(λ− µ), L(λ)⊗ 1+ 1⊗ L(µ)]
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and defines the so called Gaudin algebras (see [4] and references therein). This case has
been extensively considered, in the framework of the loop coproduct formulation, in [3].
For such r−matrices, one can also define the Sklyanin algebra [7]
{L(λ)⊗ 1,1⊗ L(µ)} = [r(λ− µ), L(λ)⊗ L(µ)], (15)
which is quadratic in the Lax matrix entries. The Sklyanin algebras are also a subcase
of the loop coproduct formulation with the same loop coproduct as defined by (11) and
the particular choice
gklab(k, λ, µ,
~Z) = −
1
2
∑
c
(rba,kc(λ− µ)Lcl(µ) + rba,cl(λ− µ)Lkc(µ)) ,
h
ij
ab(k, λ, µ,
~Z) =
1
2
∑
c
(ric,ba(λ− µ)Lcj(λ) + rcj,ba(λ− µ)Lic(λ)) .
This is a plain consequence of the fact that equation (15) can be reformulated into the
form (2) by introducing the dynamical r−matrix
r12(λ, µ) =
1
2
(r(λ− µ)(1⊗ L(µ)) + (1⊗ L(µ))r(λ− µ)) .
Another example of a quadratic Poisson algebra associated with a unitary non-dynamical
r−matrix is the reflection algebra [8]:
{L(λ)⊗ 1,1⊗ L(µ)} = [r(λ− µ), L(λ)⊗ L(µ)] +
+ (L(λ)⊗ 1)r(λ+ µ)(1⊗ L(µ))− (1⊗ L(µ))r(λ+ µ)(L(λ)⊗ 1).
It is immediate to check that this algebra is also a subcase of the loop coproduct
formulation with the same loop coproduct as defined by (11) provided that
gklab(k, λ, µ,
~Z) =
∑
c
(rba,kc(λ+ µ)Lbl(µ)− rba,cl(λ− µ)Lkc(µ)) ,
h
ij
ab(k, λ, µ,
~Z) =
∑
c
(ric,ba(λ− µ)Lcj(λ) + ric,ba(λ+ µ)Lcj(λ)) .
4. Discussion and perspectives
While it is true that any integrable system admits, at least in a neighborhood of generic
points of the phase space, an r−matrix formulation [2] (so that, as a consequence,
we can state that any integrable system admits a loop coproduct formulation), the
proof of the existence of the Lax matrix L(λ) relies on the knowledge of the action-
angle coordinates, so that, in general, finding it could be not easier than solving
explicitly the associated dynamical system. On the other hand, for some Hamiltonian
systems, the r−matrix approach turns out to be a precious instrument to establish the
integrability of the system, and such systems can be considered to possess a “natural”
r−matrix formulation. In the same sense there will be Hamiltonian systems that admits
a “natural” loop coproduct formulation. We claim that the class of systems of the
latter kind is potentially much larger than those of the former one. Indeed, as we have
shown, the linear r−matrix formulation can be seen as a subcase of the loop-coproduct
formulation when
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(i) there is a unique loop-coproduct ∆λ : A→ B,
(ii) A is the Lie–Poisson algebra F(gl(N)∗).
Hence, we can generalize the linear r−matrix approach by looking for Hamiltonian
systems admitting a natural loop coproduct formulation with
(i) k > 1 loop coproduct maps ∆
(i)
λ : A→ B, i = 1, . . . , k,
(ii) A being a non-linear Poisson algebra.
Examples of systems of the first kind emerge naturally in the so called coproduct method
[5], [6]. Namely, in [3] it has been proven that all the integrable systems coming from the
coproduct method admit a natural loop coproduct formulation, so that one can define
k loop coproduct maps (3) satisfying (4) and (5) and the integrability of the system can
be deduced from equations (7) and (8). Typically, in such systems, one can associate
with each map a linear r−matrix that assures that
{∆
(i)
λ (Cj),∆
(i)
µ (Cl)}B = 0 (16)
but notice that the following relations also hold:
{∆
(i)
λ (Cj),∆
(k)
µ (Cl)}B = 0 k 6= i. (17)
We stress that finding a unique r−matrix formulation of the form (2) accounting for
both (16) and (17) seems not to be an easy task. While this example shows that the
loop coproduct formulation should be indeed regarded as more general of the r−matrix
one (in the sense previously explained), the second kind of generalization is, in our
opinion, the really interesting one. Therefore, we suggest that finding a loop coproduct
formulation for a non-linear Poisson algebra A could lead to the construction of new
classes of integrable systems and we propose it as an open research line in the field of
classical, integrable and finite-dimensional Hamiltonian systems.
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